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a b s t r a c t
A graph is called supermagic if it admits a labelling of the edges by pairwise different
consecutive positive integers such that the sum of the labels of the edges incident with
a vertex is independent of the particular vertex. In this paper we consider an extension of
regular supermagic graphs and apply it to some constructions of supermagic graphs. Using
the extension we prove that for any graph G there is a supermagic regular graph which
contains an induced subgraph isomorphic to G.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
We consider finite undirected graphs without loops, multiple edges and isolated vertices. If G is a graph, then V (G) and
E(G) stand for the vertex set and the edge set of G, respectively. Cardinalities of these sets are called the order and size of G.
Let a graph G and a mapping f from E(G) into positive integers be given. The index mapping of f is the mapping f ∗ from
V (G) into positive integers defined by
f ∗(v) =
−
e∈E(G)
η(v, e)f (e) for every v ∈ V (G), (1)
where η(v, e) is equal to 1 when e is an edge incident with a vertex v, and 0 otherwise. An injective mapping f from E(G)
into positive integers is called amagic labelling of G for an index λ if its index mapping f ∗ satisfies
f ∗(v) = λ for all v ∈ V (G). (2)
A magic labelling f of G is called a supermagic labelling if the set {f (e) : e ∈ E(G)} consists of consecutive positive integers.
We say that a graph G is supermagic (magic) whenever there exists a supermagic (magic) labelling of G.
The concept ofmagic graphswas introduced by Sedláček [10]. Supermagic graphswere introduced by Stewart [11]. There
is by nowa considerable number of papers published onmagic and supermagic graphs;we single out [1,9,6–8] as beingmore
particularly relevant to the present paper, and refer the reader to [2] for comprehensive references.
In this paper we introduce a new concept of magic-type graphs, an extension of supermagic regular graphs. We establish
the basic properties of the extension and apply it to some constructions of supermagic graphs.
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2. Degree-magic graphs
A bijective mapping f from E(G) into {1, 2, . . . , |E(G)|} is called a degree-magic labelling (or only d-magic labelling) of a
graph G if its index mapping f ∗ satisfies
f ∗(v) = 1+ |E(G)|
2
deg(v) for all v ∈ V (G). (3)
A d-magic labelling f of G is called balanced if for all v ∈ V (G) the following equation is satisfied
|{e ∈ E(G) : η(v, e) = 1, f (e) ≤ ⌊|E(G)|/2⌋}| = |{e ∈ E(G) : η(v, e) = 1, f (e) > ⌊|E(G)|/2⌋}|. (4)
We say that a graph G is degree-magic (balanced degree-magic) (or only d-magic) when there exists a d-magic (balanced
d-magic) labelling of G.
For regular graphs, we can prove:
Theorem 1. Let G be a regular graph. Then G is supermagic if and only if it is degree-magic.
Proof. If g is a supermagic labelling of a regular graph G, then g + m, for every integer m > −min{g(e) : e ∈ E(G)}, is
a supermagic labelling of G, too. Therefore, a regular graph G is supermagic if and only if it admits a supermagic labelling
f : E(G)→ {1, 2, . . . , |E(G)|}. In this case we have
|V (G)|λ =
−
v∈V (G)
f ∗(v) = 2
−
e∈E(G)
f (e) = (1+ |E(G)|) · |E(G)|.
Since the size of a δ-regular graph satisfies |E(G)| = δ2 |V (G)|, we find
f ∗(v) = λ = 1+ |E(G)|
2
δ = 1+ |E(G)|
2
deg(v)
i.e., f is a d-magic labelling of G. The opposite implication is clear. 
One can easily check that the complete bipartite graph K2,4 is d-magic, but it is not supermagic. Similarly, the complete
tripartite graph K2,2,1 is supermagic, but it is not d-magic. Therefore, no similar result holds for irregular graphs. So, degree-
magic graphs extend supermagic regular graphs, but not supermagic graphs in general.
Now we prove some necessary conditions for d-magic graphs.
Theorem 2. Let G be a d-magic graph of even size. Then every vertex of G has an even degree and every component of G has an
even size.
Proof. Suppose that f is a d-magic labelling of G. As |E(G)| ≡ 0 (mod 2), the value f ∗(v) = 1+|E(G)|2 deg(v) is not an integer
for any odd degree vertex v ∈ V (G). By (1), f ∗(v) is an integer, therefore G contains no vertex of odd degree.
Let C be a component of Gwith odd number of edges. Then
2
−
e∈E(C)
f (e) =
−
v∈V (C)
−
e∈E(G)
η(v, e)f (e) =
−
v∈V (C)
f ∗(v)
= 1+ |E(G)|
2
−
v∈V (C)
deg(v) = (1+ |E(G)|) · |E(C)|,
a contradiction to parity. Thus, G contains no component of odd size. 
According to Theorems 1 and 2 we immediately obtain
Corollary 1 ([7]). Let G be a δ-regular supermagic graph. Then the following statements hold:
(i) if δ ≡ 1 (mod 2), then |V (G)| ≡ 2 (mod 4);
(ii) if δ ≡ 2 (mod 4) and |V (G)| ≡ 0 (mod 2), then G contains no component of odd order.
Theorem 3. Let G be a balanced d-magic graph. Then G has an even number of edges and every vertex has an even degree.
Proof. Let f be a balanced d-magic labelling of G and letm = |E(G)|. Any vertex v ∈ V (G) satisfies (4), thus
deg(v) = 2 · |{e ∈ E(G) : η(v, e) = 1, f (e) ≤ ⌊m/2⌋}|,
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i.e., deg(v) is even. Moreover,
|{e ∈ E(G) : f (e) ≤ ⌊m/2⌋}| = 1
2
−
v∈V (G)
|{e ∈ E(G) : η(v, e) = 1, f (e) ≤ ⌊m/2⌋}|
= 1
2
−
v∈V (G)
|{e ∈ E(G) : η(v, e) = 1, f (e) > ⌊m/2⌋}|
= |{e ∈ E(G) : f (e) > ⌊m/2⌋}|.
Therefore, |E(G)| = m = 2 · |{e ∈ E(G) : f (e) ≤ ⌊m/2⌋}|, i.e., the size of G is even. 
A pair of edges e1, e2 of a graph G is called a double-handle if there is a component C of G such that C−{e1, e2} is a bipartite
graphwith parts V1, V2 and both end vertices of ei, for i ∈ {1, 2}, belong to Vi. A double-bridge of a graph G is a pair of its edges
e1, e2 such that G − {e1, e2} has a component C which is a bipartite graph with parts V1, V2 and the edge ei, for i ∈ {1, 2},
joins a vertex of Vi with a vertex of V (G) − V (C). An edge e of G is called magic-special if it is one of the following types:
(i) e is a pendant edge of G; (ii) there is a bipartite component C of G− e such that e joins a vertex of V (C) with a vertex of
V (G)− V (C); (iii) there is a non-bipartite component C of G such that C − e is a bipartite graph.
Theorem 4. Let G be a d-magic graph. Then the following statements hold:
(i) G contains no double-handle;
(ii) G contains no double-bridge;
(iii) G contains at most one magic-special edge;
(iv) if G contains a magic-special edge then it is of odd size.
Proof. Suppose that f is a d-magic labelling of a graph G.
Let us assume to the contrary that a pair e1, e2 is a double-handle of G. Then there is a component C of G such that
H := C − {e1, e2} is a bipartite graph with parts V1, V2 and end vertices of ei belong to Vi, i ∈ {1, 2}. Thus
2f (e1)+
−
e∈E(H)
f (e) =
−
v∈V1
f ∗(v) = 1+ |E(G)|
2
−
v∈V1
deg(v)
= 1+ |E(G)|
2
−
v∈V2
deg(v) =
−
v∈V2
f ∗(v) = 2f (e2)+
−
e∈E(H)
f (e).
This implies that f (e1) = f (e2), contrary to the bijectivity of f .
Suppose that a pair e1, e2 is a double-bridge of G. Then there is a bipartite component C of G− {e1, e2} with parts V1, V2
such that the edge ei, i ∈ {1, 2}, joins a vertex of Vi with a vertex of V (G)− V (C). Thus
f (e1)+
−
e∈E(C)
f (e) =
−
v∈V1
f ∗(v) = 1+ |E(G)|
2
−
v∈V1
deg(v)
= 1+ |E(G)|
2
−
v∈V2
deg(v) =
−
v∈V2
f ∗(v) = f (e2)+
−
e∈E(C)
f (e).
This implies that f (e1) = f (e2), contrary to the bijectivity of f .
Now assume that eˆ is a magic-special edge of G.
If eˆ is a pendant edge of G and v is its end vertex of degree 1, then by (1) and (3) we have f (eˆ) = f ∗(v) = (1+ |E(G)|)/2.
If C is a bipartite component of G− eˆwith parts V1, V2 and eˆ joins a vertex of V1 with a vertex of V (G)− V (C), then
f (eˆ)+
−
e∈E(C)
f (e) =
−
v∈V1
f ∗(v)
= 1+ |E(G)|
2
−
v∈V1
deg(v) = 1+ |E(G)|
2

1+
−
v∈V2
deg(v)

= 1+ |E(G)|
2
+
−
v∈V2
f ∗(v) = 1+ |E(G)|
2
+
−
e∈E(C)
f (e).
This implies that f (eˆ) = (1+ |E(G)|)/2.
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If C is a non-bipartite component of G such thatH := C− eˆ is a bipartite graphwith parts V1, V2 and eˆ is inserted between
two vertices of V1, then
2f (eˆ)+
−
e∈E(H)
f (e) =
−
v∈V1
f ∗(v)
= 1+ |E(G)|
2
−
v∈V1
deg(v) = 1+ |E(G)|
2

2+
−
v∈V2
deg(v)

= (1+ |E(G)|)+
−
v∈V2
f ∗(v) = (1+ |E(G)|)+
−
e∈E(H)
f (e).
This implies that f (eˆ) = (1+ |E(G)|)/2.
According to the bijectivity of d-magic labelling, G contains at most one magic-special edge because the label of any
magic-special edge is equal to (1+ |E(G)|)/2. As the label of any edge is an integer, G has an odd number of edges when it
contains a magic-special edge. 
3. Some sufficient conditions
A spanning subgraphH of a graph G is called a half-factor of Gwhenever degH(v) = degG(v)/2 for every vertex v ∈ V (G).
Note that a spanning subgraph of Gwith edge set E(G)− E(H) is also a half-factor of G. Similarly, if f is a balanced d-magic
labelling of G then spanning subgraphs with edge sets {e ∈ E(G) : f (e) ≤ ⌊|E(G)|/2⌋} and {e ∈ E(G) : f (e) > ⌊|E(G)|/2⌋}
are half-factors of G.
The union of two disjoint graphs G and H is denoted by G ∪ H and the union ofm disjoint copies of a graph G is denoted
bymG.
Theorem 5. Let G be a d-magic graph having a half-factor. Then 2G is a balanced d-magic graph.
Proof. Since G is d-magic, there is a d-magic labelling f of G. Similarly, there is a half-factor H of G. For i ∈ {1, 2}, let Gi be
a copy of G and let ei (vi) be its edge (vertex) corresponding to e ∈ E(G) (v ∈ V (G)). Suppose that 2G = G1 ∪ G2. Consider a
mapping g from E(2G) into positive integers given by
g(ei) =

f (e) if i = 1 and e ∈ E(H),
f (e)+ |E(G)| if i = 1 and e ∉ E(H),
f (e)+ |E(G)| if i = 2 and e ∈ E(H),
f (e) if i = 2 and e ∉ E(H).
Evidently, g is a bijection from E(2G) onto {1, 2, . . . , 2|E(G)|}. For any vertex vi ∈ V (Gi), we have
g∗(vi) = f ∗(v)+ degH(v)|E(G)| = 1+ |E(G)|2 degG(v)+
|E(G)|
2
degG(v)
= 1+ 2|E(G)|
2
degG(v) = 1+ |E(2G)|2 deg2G(vi),
and
|{ei ∈ E(Gi) : η(vi, ei) = 1, f (ei) ≤ |E(G)|}| = degH(v)
= degG(v)
2
= |{ei ∈ E(Gi) : η(vi, ei) = 1, f (ei) > |E(G)|}|.
Therefore, g is a balanced d-magic labelling. 
Now we prove that the family of d-magic graphs is closed under the edge-bijective homomorphism.
Theorem 6. Let G be a graph obtained from a graph H by an identification of two vertices whose distance is at least three. If H
is (balanced) d-magic then G is also a (balanced) d-magic graph.
Proof. Let f be a d-magic labelling of H and let u and v be two vertices of H such that the distance between them is at least
three. Let G be a graph obtained from H by an identification of vertices u and v. Letw denote the vertex of G obtained by the
identification. Thus, we can assume that H and G have the same edges. However, if an edge e is incident to u or v in H then
e is incident to the vertexw in G.
Consider a mapping g from E(G) into integers given by g(e) := f (e). For any vertex x ∈ V (G)− {w}, we have
g∗(x) = f ∗(x) = 1+ |E(H)|
2
degH(x) = 1+ |E(G)|2 degG(x).
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Similarly,
g∗(w) = f ∗(u)+ f ∗(v) = 1+ |E(H)|
2
(degH(u)+ degH(v))
= 1+ |E(G)|
2
degG(w),
i.e., g is a d-magic labelling of G.
If f is balanced d-magic, then it is easy to see that g is also a balanced d-magic labelling. 
In the next result we show that the family of balanced d-magic graphs is closed under the edge-disjoint union.
Theorem 7. Let H1 and H2 be edge-disjoint subgraphs of a graph G which form its decomposition. If H1 is d-magic and H2 is
balanced d-magic then G is a d-magic graph. Moreover, if H1 and H2 are both balanced d-magic then G is a balanced d-magic
graph.
Proof. First suppose that the graphsH1 andH2 are (vertex) disjoint. Let f be a d-magic labelling ofH1 and let g be a balanced
d-magic labelling of H2. Put m1 := |E(H1)|, m2 := |E(H2)|, A := {e ∈ E(H2) : g(e) ≤ m2/2} and B := {e ∈ E(H2) : g(e) >
m2/2}. Consider a mapping h from E(G) into positive integers given by
h(e) =

g(e) if e ∈ A,
f (e)+ m2
2
if e ∈ E(H1),
g(e)+m1 if e ∈ B.
It is easy to see that h is a bijection from E(G) onto {1, 2, . . . ,m1 +m2}. For any vertex v ∈ V (H1) ⊂ V (G), we have
h∗(v) =
−
e∈E(G)
η(v, e)h(e) =
−
e∈E(H1)
η(v, e)

f (e)+ m2
2

=
−
e∈E(H1)
η(v, e)f (e)+ m2
2
degH1(v) = f ∗(v)+
m2
2
degH1(v)
= 1+m1
2
degH1(v)+
m2
2
degH1(v) =
1+ |E(G)|
2
degG(v).
The graph H2 is balanced d-magic and so, for any vertex v ∈ V (H2) ⊂ V (G), we have
h∗(v) =
−
e∈E(G)
η(v, e)h(e) =
−
e∈A
η(v, e)g(e)+
−
e∈B
η(v, e)(g(e)+m1)
=
−
e∈A
η(v, e)g(e)+
−
e∈B
η(v, e)g(e)+m1 degH2(v)2
= g∗(v)+ m1
2
degH2(v) =
1+m2
2
degH2(v)+
m1
2
degH2(v)
= 1+m1 +m2
2
degH2(v) =
1+ |E(G)|
2
degG(v),
i.e., h is a d-magic labelling of G.
If f and g are both balanced d-magic, then it is easy to see that h is also a balanced d-magic labelling.
Finally, if H1 and H2 are not disjoint then the graph G is obtained from the disjoint union H1 ∪ H2 by a sequence of
identifications of some vertices. In this case the result follows from Theorem 6. 
Combining Theorems 1, 5 and 7 we immediately obtain
Corollary 2 ([7]). Let G be a 2δ-regular supermagic graph containing a δ-factor. Then the following statements hold:
(i) H ∪ 2G is supermagic for every 2δ-regular supermagic graph H.
(ii) mG is a supermagic graph for all m ≥ 1.
Theorem 8. Let G be a bipartite graph and let U ⊆ V (G) be one of its parts. Let H1 and H2 be edge-disjoint Eulerian subgraphs
of G such that degH1(u) = degH2(u) = degG(u)/2, for every vertex u ∈ U. Then G is a balanced d-magic graph.
Proof. Suppose that U andW are parts of a bipartite graph G. Since degH1(u) = degH2(u) for every vertex u ∈ U , |E(H1)| =|E(H2)|. Putm := |E(G)|/2 and choose a vertex v ∈ U . The subgraph Hi, i ∈ {1, 2}, is Eulerian, therefore there is an ordering
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ei1, e
i
2, . . . , e
i
m of E(Hi)which forms an Eulerian trail of Hi starting (and finishing) at v. Consider a bijection f from E(G) onto{1, 2, . . . , 2m} defined by
f (eij) =

j+ 1
2
if i = 1 and j ≡ 1 (mod 2),
1+ 2m− j
2
if i = 1 and j ≡ 0 (mod 2),
1+m− j+ 1
2
if i = 2 and j ≡ 1 (mod 2),
m+ j
2
if i = 2 and j ≡ 0 (mod 2).
Since the Eulerian trails pass through a vertex w ∈ W exactly degG(w)/2 times and f (ei2r−1) + f (ei2r) = 1 + 2m for each
r ∈ {1, . . . ,m/2}, i ∈ {1, 2}, f ∗(w) = (1 + 2m) degG(w)/2 for every vertex w ∈ W . Similarly, each of the Eulerian
trails passes through a vertex u ∈ U exactly degG(u)/4 times and f (e1m) + f (e11) = 2 + 3m/2, f (e2m) + f (e21) = 5m/2,
f (e12r) + f (e12r+1) = 2 + 2m, f (e22r) + f (e22r+1) = 2m for each r ∈ {1, . . . ,m/2 − 1}. Thus, f ∗(u) = (1 + 2m) degG(u)/2
for every vertex u ∈ U . Hence, f is d-magic. Moreover, f (eij) ≤ m if and only if f (eij+1) > m, i ∈ {1, 2}, j ∈ {1, . . . ,m}
(eim+1 = ei1). Therefore, f is a balanced d-magic labelling. 
In [6] it is proved that a bipartite graph, which is decomposable into two Hamilton cycles, is supermagic. However,
combining Theorems 1 and 8 we immediately obtain a generalization of the result.
Corollary 3 ([8]). Let G be a 4k-regular bipartite graph which can be decomposed into two edge-disjoint connected 2k-factors.
Then G is a supermagic graph.
4. Characterizations
A magic (m, n)-rectangle R = (ri,j) is an m × n matrix (array) in which the first mn positive integers are placed such
that the sum over each row of R is a constant and the sum over each column of R is another constant. Magic rectangles
are a natural generalization of the magic squares. Magic rectangles were first studied by Harmuth who presented in [4,5]
the necessary and sufficient conditions for existence. Evidently, a mapping f from E(Km,n) into positive integers given by
f (uivj) = ri,j is a d-magic labelling of Km,n if and only if R is a magic (m, n)-rectangle. So, Harmuth’s result (see [3] for a
modern proof) can be rewritten as follows.
Proposition. For m, n > 1, the complete bipartite graph Km,n is d-magic if and only if m ≡ n (mod 2) and (m, n) ≠ (2, 2).
Now we are able to characterize balanced d-magic complete bipartite graphs.
Theorem 9. The complete bipartite graph Km,n is balanced d-magic if and only if the following statements hold:
(i) m ≡ n ≡ 0 (mod 2);
(ii) if m ≡ n ≡ 2 (mod 4) then min{m, n} ≥ 6.
Proof. Suppose that Km,n is a balanced d-magic graph. By Theorem 3,m and n are even because Km,n has vertices of degrees
m and n.
Let f be a balanced d-magic labelling of K2,2t and let {u, w} be a part of bipartite graph K2,2t with two vertices. Put
A := {e ∈ E(K2,2t) : η(u, e) = 1, f (e) ≤ 2t} and B := {e ∈ E(K2,2t) : η(w, e) = 1, f (e) ≤ 2t}. Evidently, A ∩ B = ∅.
Moreover, |A| = |B| = t because f is balanced. Any edge of K2,2t is incident to either u or w. The set of labels of edges
incident to a vertex of degree two is {r, 1+ 4t − r}, for some r ∈ {1, 2, . . . , 2t}. Therefore, we have
1+ 4t
2
2t = 1+ |E(K2,2t)|
2
deg(u) = f ∗(u)
=
−
e∈A
f (e)+
−
e∈B
(1+ 4t − f (e)) = (1+ 4t)t +
−
e∈A
f (e)−
−
e∈B
f (e).
This implies that
∑
e∈A f (e) =
∑
e∈B f (e). Consequently,
(1+ 2t)t =
2t−
i=1
i =
−
e∈A
f (e)+
−
e∈B
f (e) = 2
−
e∈A
f (e) ≡ 0 (mod 2).
Thus, t is even. This proves that condition (ii) holds.
Now suppose that conditions (i) and (ii) are satisfied. Note that the construction of balanced d-magic labelling for Km,n
given below is very similar to the construction of even magic rectangles given in [3]. We consider the following cases.
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A. The graph K4k,2t is decomposable into two Eulerian subgraphs isomorphic to K2k,2t . Thus, according to Theorem 8, the
complete bipartite graph K4k,2t is balanced d-magic for all k ≥ 1 and t ≥ 1.
B. A balanced d-magic labelling of K6,6 is described below by giving the labels of edges uivj in the following matrix.
v1 v2 v3 v4 v5 v6
u1 36 25 13 24 7 6
u2 5 29 20 14 11 32
u3 3 10 22 16 27 33
u4 34 9 21 15 28 4
u5 2 26 17 23 8 35
u6 31 12 18 19 30 1
C. The graph K6,4k+6, k ≥ 1, is decomposable into two balanced d-magic subgraphs isomorphic to K6,6 and K6,4k. By
Theorem 7, K6,4k+6 is a balanced d-magic graph.
D. The graph K4t+6,4k+6, t ≥ 1, k ≥ 1, is decomposable into two balanced d-magic subgraphs isomorphic to K6,4k+6 and
K4t,4k+6. According to Theorem 7, K4t+6,4k+6 is a balanced d-magic graph. 
Let G be a graph and let ξ be amapping from V (G) into the positive integers. The ξ -multiplication Gξ of G is a graphwhose
vertices are all ordered pairs (v, i), where v ∈ V (G), 1 ≤ i ≤ ξ(v), and two vertices (u, i), (v, j) are joined by an edge in Gξ if
and only if u, v are adjacent in G. Note that Gξ is isomorphic to a lexicographic product G[Dn] of G and a totally disconnected
graph Dn, when ξ(v) = n for all v ∈ V (G).
Corollary 4. Let G be a graph and let ξ be a mapping from V (G) into even positive integers such that for any adjacent vertices u,
v it holds:
if ξ(u) ≡ ξ(v) ≡ 2 (mod 4) then min{ξ(u), ξ(v)} ≥ 6.
Then the ξ -multiplication Gξ is a balanced d-magic graph.
Proof. For any edge e = uv ∈ E(G) let Gξe be a subgraph of Gξ induced by {(u, i) : 1 ≤ i ≤ ξ(u)} ∪ {(v, j) : 1 ≤ j ≤ ξ(v)}.
Evidently, Gξe is isomorphic to a complete bipartite graph Kξ(u),ξ(v). According to Theorem 9 it is balanced d-magic. The
ξ -multiplicationGξ is decomposed into edge-disjoint subgraphsGξe for all e ∈ E(G). Therefore, by Theorem7,Gξ is a balanced
d-magic graph. 
Note that the subgraph of Gξ induced by {(v, 1) : v ∈ V (G)} is isomorphic to G. Thus, by Corollary 4, we have: for any
graph G there is a balanced d-magic graph which contains an induced subgraph isomorphic to G. This demonstrates that
there is no forbidden subgraph characterization of degree-magic graphs. We conclude this paper with a similar result for
supermagic graphs.
Theorem 10. For any graph G there is a supermagic regular graph which contains an induced subgraph isomorphic to G.
Proof. Let G1 be a graph obtained from G by attaching a pendant edge at each vertex of G. Put n := |V (G)| and denote the
vertices of G1 by u1, . . . , un,w1, . . . , wn in such a way that V (G) = {u1, . . . , un} and uiwi, i ∈ {1, . . . , n}, is an attached edge
of G1. Consider a mapping ξ from V (G1) into positive integers given by
ξ(ui) = 4 and ξ(wi) = 4(1+∆− degG(ui)) for all i ∈ {1, . . . , n},
where∆ is themaximum degree of G. Denote by H1 the ξ -multiplication of G1, i.e.,H1 := Gξ1 . By Corollary 4,H1 is a balanced
d-magic graph.
Put U = ∪ni=1 ∪ξ(ui)j=1 {(ui, j)} and W = ∪ni=1 ∪ξ(wi)j=1 {(wi, j)}. Clearly, U ∩ W = ∅ and U ∪ W = V (H1). The set W is
an independent set of H1 and |W | = 4kwhere k =∑ni=1(1+∆− degG(vi)). For kwe have:
k = n+
n−
i=1
(∆− degG(vi)) ≥ n > ∆.
Moreover, k = (1+∆)n−∑ni=1 deg(vi) = (1+∆)n−2|E(G)|. Thus, if∆ is odd then k is even. Since k > ∆ and both of k,∆
are not odd, there is a∆-regular graph R of order k. According to Corollary 4, R[D4] is a balanced d-magic 4∆-regular graph
of order 4k. Therefore, there is a balanced d-magic 4∆-regular graph H2 such that V (H2) = W .
Let H denote the graph such that the graphs H1 and H2 form its decomposition. As H1 and H2 are balanced d-magic, by
Theorem 7, the graph H is balanced d-magic. It is easy to see that any vertex of U has degree 4(1 + ∆) in H1. Similarly,
the degree of any vertex belonging toW is 4 in H1 and 4∆ in H2. So, H is a regular graph of degree 4(1 + ∆). According to
Theorem1, the graphH is supermagic. Thus,H is a desired graph because its subgraph induced by∪ni=1{(ui, 1)} is isomorphic
to G. 
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